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Classically, algorithm designers assume a computer wilh @me processing element; the algorithms
they design are said to Isequential since the algorithms’ steps must be performed in a padicgiquence
one after another. But today’s computers often have malfgpbcessors, each of which performs its own
sequence of steps. Even basic desktop computers often hatieame processors that include a handful of
processing elements. But also significant are vast clustezsmputers, such as those used by the Depart-
ment of Defense to simulate nuclear explosions and by Gdoglecess search engine queries. An example
is the Roadrunner system at Los Alamos National Laboratesyof 2009, it has 129,600 processors and is
ranked as the world’s fastest supercomputer.

Suppose we're working with such a real-world multiprocessstem. Inevitably, we’'ll run into some
problem that we want it to solve. Lettifigrepresent the amount of time that a single processor talsed\i®
this problem, we would hope to develop an algorithm thatgdKe time on ap-processor system. (We'll
invariably use the variablp to represent the number of processors in our system.) litycethis will rarely
be possible to achieve entirely: The processors will almabstys need to spend some time coordinating
their work, which will lead to a penalty.

Sometimes such a near-optimal speedup is easy to achieppo&) for instance, that we have an array
of integers, and we want to display all the negative integetise array. We can divide the array into equal-
sized segments, one segment for each processor, and eaesgmocan display all the negative integers in
its segment. The sequential algorithm would téXe) time. In our multiprocessor algorithm each processor
handles an array segment with at mpgp| elements, so processing the whole array tab@gp) time.

But there are some problems where it is hard to imagine howeaanultiple processors to speed up the
processing time. An example of this is determining the déipsh search order of a graph: It seems that any
algorithm will be “forced” to process a child only after itanent, so if the graph’s height is something like
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n/2, it will necessarily takeéd(n) time. This seems like aimherently sequential problem. And, indeed, it
has proven to be so, as we'll see in Section 5.

Or consider the problem where we're given two integer arrapsesenting very large numbers (where
a[0] contains the 1's digita[l] contains the 10’s digit, and so on), and we want to computeiaaneay
containing the sum of the two numbers. From grade schoolkyow a sequential algorithm to do this that
takesO(n) time. We can't easily adapt this algorithm to use many premes though: In processing each
segment of the arrays, we need to know whether there is a franmythe preceding segments. Thus, this
problem too seemigsherently sequentiaBut in this case our intuition has failed us: We’'ll see int8et3.3
that in fact there is an algorithm that can add two such biggers inO("/p+ logp) time.

As with adding big-integers, some very simple problems thatconsider hardly worth studying in
single-processor systems become more interesting in tit@nogessor context. This introduction will pay
particularly close attention to algorithms that deal withagis of numbers. We’ll begin in Section 1 by
first presenting more formal models of parallel and distebusystems. Then in Section 2 we’ll look at
the particularly simple problem of adding all the numbersiofarray, a problem that can be generalized to
“parallel scan,” which can be applied to other situationgvab. In Section 3, we’ll look at a closely related
algorithm called “parallel prefix scan,” and again we’'ll koat several of its applications. Section 4 will look
at the problem of sorting an array on a multiprocessor sysidrie Section 5 will discuss how complexity
theory can be used to argue that problems are indeed inhesequential.

1. Parallel & distributed models

Multiprocessor systems come in many different flavors, beite are two basic categories: parallel comput-
ers and distributed computers. These two terms are usedauritle overlap, but usuallygarallel system is
one in which the processors are closely connected, whiistebutedsystem has processors that are more
independent of each other.

1.1. Parallel computing

In a parallel computer, the processors are closely connected. Frequently, atepsors share the same
memory, and the processors communicate by accessinghtaied memory, Examples of parallel com-
puters include the multicore processors found in many caenptioday (even cheap ones), as well as many
graphics processing units (GPUSs).

As an example of code for a shared-memory computer, belowl&a fragment intended to find the
sum of all the elements in a long array. Variables whose nagmtwithmy_are specific to each processor;
this might be implemented by storing these variables irviddial processors’ registers. The code fragment
assumes that a variabdeay has already been set up with the numbers we want to add anthénatis a
variableprocs that indicates how many processors our system has. Inadditie assume each register has
its ownmy _pid variable, which stores that processor’s opmcessor ID, a uniqgue number between 0 and
procs — 1.

/1 1. Determi ne where processor’s segnment is and add up nunmbers in segnent.
count = array.length / procs;

my_start = my_pid * count;
my_total = array[my_start];
for(my_i = 1; my_i < count; my_i++) my_total += array[my_start + my_iJ;

/1 2. Store subtotal into shared array, then add up the subtotals.
subtotals[my_pid] = my_total; /1 line Ain remarks bel ow
my_total = subtotals[0]; /1 line B in remarks bel ow
for(my_i = 1; my_i < procs; my_i++) {
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my_total += subtotals[my_i]; /1 line Cin remarks bel ow
}
/1 3. If array.length isn't a multiple of procs, then total will exclude sone
/1 elements at the array’s end. Add these |last elements in now.
for(my_i = procs * count; my_i < array.length; my_i++) my_total += array[my_i];

Here, we first divide the array into segments of lengiimt , and each processor adds up the elements
within its segment, placing that into its variabtg_total . We write this variable into shared memory in
line A so that all processors can read it; then we go throuighstiared array of subtotals to find the total of
the subtotals. The last step is to take care of any numbersnimahave been excluded by trying to divide
the array intop equally-sized segments.

Synchronization

An important detail in the above shared-memory programesdhch processor must complete line A before
any other processor tries to use that saved value in line B®id. One way of ensuring this is to build the
computer so that all processors share the same programec@shey step through identical programs. In
such a system, all processors would execute line A simutssige Though it works, this shared-program-
counter approach is quite rare because it can be difficultrte @ program so that all processors work
identically, and because we often want different processmoperform different tasks.

The more common approach is to allow each processor to éxatus own pace, giving programmers
the responsibility to include code enforcing dependenoée/een processors’ work. In our example above,
we would add code between line A and line B to enforce theiotisin that all processors complete line A
before any proceed to line B and line C. If we were using Jdwailt-in features for supporting such syn-
chronization between threads, we could accomplish thistogducing a new shared varialvgnber_saved
whose value starts out at 0. The code following line A wouldbdollows.

synchr oni zed(subtotals) {
number_saved ++;

i f (number_saved == procs) subtotals.notifyAll();
whi | e(number_saved < procs) {
try { subtotals.wait(); } cat ch(InterruptedException e) { }

}

Studying specific synchronization constructs such as thodava is beyond this tutorial’s scope. But
even if you're not familiar with such constructs, you mighg &ble to guess what the above represents:
Each processor increments the shared counter and thenurdlits receives a signal. The last processor to
increment the counter sends a signal that awakens all tieesatit continue forward to line B.

Shared memory access

Another important design constraint in a shared-memortesy$s how programs are allowed to access the
same memory address simultaneously. There are three Ippsaches.

CRCW: Concurrent Read, Concurrent Write. Simultaneous reads and writes are allowed to a memory
cell. The model must indicate how simultaneous writes anelleal.

Common Write: If processors write simultaneously, they must write santeeva

Priority Write: Processors have priority order, and the highest-prionigc@ssor’s write “wins” in
case of conflict.
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Arbitrary Write:  In case of conflict, one of the requested writes will succeuk the outcome is
not predictable, and the program must work regardless aflwiocessor “wins.”

Combining Write: Simultaneous writes are combined with some function, swchdaling values
together.

CREW: Concurrent Read, Exclusive Write. Here different processors are allowed to read the same mem-
ory cell simultaneously, but we must write our program sd tidy one processor can write to any
memory cell at a time.

EREW: Exclusive Read, Exclusive Write. The program must be written so that no memory cell is ac-
cessed simultaneously in any way.

ERCW: Exclusive Read, Concurrent Write. There is no reason to consider this possibility.

In our array-totaling example, we used a Common-Write CRCWdleh All processors write to the
count variable, but they all write an identical value to it. Thisiter though, is the only concurrent write,
and the program would work just as well witbunt changed tany_count . In this case, our program would
fit into the more restrictive CREW model.

1.2. Distributed computing

A distributed system is one in which the processors are less strongly connectetypiéal distributed
system consists of many independent computers in the same aitached via network connections. Such
an arrangement is often calledlaster.

In a distributed system, each processor has its own indep¢mademory. This precludes using shared
memory for communicating. Processors instead communimateending messages. In a cluster, these
messages are sent via the network. Thoogdssage passing much slower than shared memory, it scales
better for many processors, and it is cheaper. Plus progmagnsaich a system is arguably easier than pro-
gramming for a shared-memory system, since the synchtamizimvolved in waiting to receive a message
is more intuitive. Thus, most large systems today use megsasgsing for interprocessor communication.

From now on, we’ll be working with a message-passing systapiémented using the following two
functions.

voi d send( i nt dst pid, int data)
Sends a message containing the intef&r to the processor whose ID st pid . Note that the
function’s return may be delayed until the receiving precesequests to receive the data — though
the message might instead be buffered so that the functionetarn immediately.

i nt receive( int src_pid)
Waits until the processor whose IDsis_pid sends a message and returns the integer in that message.
This is called &locking receive. Some systems also suppomoa-blocking receive, which returns
immediately if the processor hasn’t yet sent a message. h&enofriation is aeceive that allows
a program to receive the first message sent by any processareudr, in our model, the call will
always wait until it receives a message (unless there iadra message waiting to be sent), and the
source processor’s ID must always be specified.

To demonstrate how to program in this model, we return to ganmgle of adding all the numbers in an
array. We imagine that each processor already has its ségrtire array in its memory, callegtgment .
The variableprocs  holds the number of processors in the system pahdholds the processor’s ID (a unigue
integer between 0 anglocs — 1, as before).
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total = segment[0];
for(i = 1; i < segment.length; i++) total += segment[i];

if(pid > 0) { // each processor but 0 sends its total to processor 0
send (0, total);

} else { /1 processor 0 adds all these totals up
for(int k = 1; k < procs; k++) total += receive(k);

}

This code says that each processor should first add the efemfeits segment. Then each processor
except processor 0 should send its total to processor Oeggoc0 waits to receive each of these messages
in succession, adding the total of that processor’'s segimtmnits total. By the end, processor 0 will have
the total of all segments.

In a large distributed system, this approach would be flavimcksinevitably some processors would
break, often due to the failure of some equipment such ascadigk or power supply. We'll ignore this
issue here, but it is an important issue when writing progréonlarge distributed systems in real life.

2. Parallel scan

Summing the elements of anelement array take®(n) time on a single processor. Thus, we'd hope to
find an algorithm for g-processor system that tak@¢n/p) time. In this section, we’ll work on developing
a good algorithm for this problem, then we’ll see that thigogithm can be generalized to apply to many
other problems where, if we were to write a program to solwmit single-processor system, the program
would consist basically of a single loop stepping througlaaay.

2.1. Adding array entries

So how does our program of Section 1.2 do? Well, the first loogdd the numbers in the segment takes
each processdD("/p) time, as we would like. But then processor 0 must performaitplto receive the
subtotals from each of thp— 1 other processors; this loop tak&gp) time. So the total time taken is
O(n/p+ p) — a bit more than th®©(n/p) time we hoped for.

(In distributed systems, the cost of communication can lie darge relative to computation, and so it
sometimes pays to analyze communication time without denssig the time for computation. The first loop
to add the numbers in the segment takes no communicatiopyracessor 0 must wait fgo - 1 messages,
so our algorithm here take3(p) time for communication. In this introduction, though, Welnalyze the
overall computation time.)

Is the extra “%p” in this time bound something worth worrying about? For a ksystem wherep is
rather small, it's not a big deal. But [f is something liken®8, then it's pretty notable: We’d be hoping for
something that take®(n/n%8) = O(n%2) time, but we end up with an algorithm that actually tak¥s®8)
time.

Here’s an interesting alternative implementation thaids/the second loop.
total = segment[0];
for(i = 1, i < segment.length; i++) total += segment[i];

i f(pid < procs - 1) total += receive(pid + 1);

i f(pid > 0) send(pid - 1, total);

Because there’s no loop, you might be inclined to think thisttake<O(n/p) time. But we need to remember
thatreceive is a blocking call, which can involve waiting. As a result, weed to think through how the
communication works. In this fragment, all processors pktlee last attempt teceive a message from the
following processor. But only processpr- 1 skips over theeceive and sends a message to its predecessor,
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p— 2. Processop — 2 receives that message, adds it into its total, and thersdéatito processop — 3.
Thus our totals cascade down until they reach processoribhwbes not attempt to send its total anywhere.
The depth of this cascadeis- 1, so in fact this fragment takes just as much time as be@(&p+ p).

Can we do any better? Well, yes, we can: After all, in our eXampo far, we've had only one addition
of subtotals at a time. A simple improvement is to divide thecpssors into pairs, and one processor of each
pair adds its partner’s subtotal into its own. Since all s additions happen simultaneously, this takes
O(1) time — and we're left with half as many subtotals to sum togets before. We repeat this process
of pairing off the remaining processors, each time halviag imany subtotals remain to add together. The
following diagram illustrates this. (The blue numbers @ade processor IDs.)

o 1 2 3 4 5 6 7
Y
c+d +h
(a+l())+c+d) (e+;+g+h)
(a+b+c+((1)-ll-e+f+g+h)

Thus, in the first round, processor 1 sends its total to pemee3, processor 3 to processor 2, and so
on. Ther/2 receiving processors all do their work simultaneously.hie hext round, processor 2 sends its
total to processor 0, processor 6 to processor 4, and soaMndeus withp/4 sums, which again can all be
computed simultaneously. After onfyog, p| rounds, processor 0 will have the sum of all elements.

The code to accomplish this is below. The first part is ideffititie second looks a bit tricky, but it's just
bookkeeping to get the messages passed as in the aboveniagra

total = segment[0];
for(i = 1, i < segment.length; i++) total += segment[i];

for(int k = 1; k < procs; k *= 2) {
i f((pid & k) != 0) {
send(pid - k, total);
br eak;
} else if(pid + k < p) {
total += receive(pid + k);
}
}
This takesO("/p+ log p) time, which is as good a bound as we're going to get.
(A practical detail that's beyond the scope of this work isvito design a cluster so that it can indeed
handle sending/2 messages all at once. A poorly designed network betweenrtieegsors, such as one
built entirely of Ethernet hubs, could only pass one messagdime. If the cluster operated this way, then

the time taken would still b©("/p+ p).)

2.2. Generalizing to parallel scan

This algorithm we've seen to find the sum of an array easilyegaizes to other problems too. If we want
to multiply all the items of the array, we can perform the saig®rithm as above, substitutirig in place
of +=. Or if we want to find the smallest element in the array, we csmthe same code again, except now
we substitute an invocation &fath.min in place of addition.

To speak more generically about when we can use the abovathligp suppose we have a binary
operator® (which may stand for addition, multiplication, finding thénimum of two values, or something
else). And suppose we want to compute

XY ---Wap-280an-1-
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We can substitutey for addition in our above parallel-sum algorithes long as® is associative.That is,
we need it to be the case that regardless of the valugsypfandz, (x®@y) ® z=x® (y® z). When we're
using our parallel sum algorithm with a generic associatiperator®, we call it aparallel scan

The parallel scan algorithm has many applications. We djrsaw some applications: adding the ele-
ments of an array, multiplying them, or finding their minimahement. Another application is determining
whether all values in an array of Booleans airee. In this case, we can use AND\) as our® operation.
Similarly, if we want to determine whether any of the Booleafues in an array argue, then we can use
OR (V). In the remainder of this section, we’ll see two more comlpplications: counting how many 1's
are at the front of an array and evaluating a polynomial.

2.3. Counting initial 1's

The parallel scan algorithm has some less obvious apgitatiSuppose we have an array of 0’s and 1's,
and we want to determine how many 1’s begin the array. If otayawvere(1,1,1,0,1,1,0,1), we would
want to determine that the array starts with three 1's.

You probably won't be able to imagine on your own some assgeiaperator that we might use here.
However, there is a common trick that we can apply, and withespractice you'll learn how to use this
trick.

Our trick is to replace each element in the array with a pairthls case, we’ll change elemeatto
become the paifa;, &) in our new array. We’'ll perform our scan on this new array dfgasing thex
operator defined as follows:

(X, p) @ (¥,0) = (X+ pY; pa)

To make sense of this, consider each pair to represent a segitbe array, with the first number saying
how many 1's start the segment, while the second number isQ depending on whether the segment
consists entirely of 1's. When we combine two adjacent segsnepresented by the paibs p) and(y,q),
we first want to know the number of initial 1's in the combinemysient. Ifp is 1, then the first segment
consists entirely ok 1's, and so the total number of initial 1's in the combinatinoludes these& 1's plus
they initial 1's of the second segment. Butpfis 0, then the initial 1's in the combined segment lie engirel
within the beginning of the first segment, where therexal&s. The expressior+ py combines these two
facts into one arithmetic expression. For the second paheofesulting pair, we observe that the combined
segment consists of all 1's only if both segments consisll @fs and p qwill compute 1 only if bothp and
g are both 1.

In order to know that our parallel scan algorithm works ccifge we must verify that ou® operator is
associative. We try both ways of associatimgp) ® (y,d) ® (z,r) and see that they match.

(xp®M¥a)@(zr) =X+py,pge(zr) = (X+py+pgzpqr)
xp)@((a®zr) =Xpey+qzqr)
= (X+p(y+92,pqr) = (X+py+pdazpqr)

The following diagram illustrates how this would work foetarray(1,1,1,0,1,1,0,1) on four proces-
sors.

initial array (01 1 I 11 0 I 21 1 I 3O 1 )
convert to pairs ((1’1) (1,1)I(1,1) (0,0X(I,I) (1,1)XO,O) (1’1))

scan each segment

combine processor
pairs

combine combinations
to get final answer
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(A completely different approach to this problem — stillngithe parallel scan algorithm we've studied
— is to change each 0 in the array to be its index within theyawaile we change each 1 to be the array’s
length. Then we could use parallel scan to find the minimunmete among these elements.)

2.4. Evaluating a polynomial

Here’s another application that’s not immediately obvio8sippose we're given an arrayof coefficients
and a numbex, and we want to compute the value of

a X" T+ X"+ Ao X+an .

Again, the solution isn’t easy; we end up having to changé eaay element into a pair. In this case,
each elemeng; will become the paifa;, x). We then define our operatar as follows.

(p,yY)®(9,2) = (pz+0a,y2

Where does this come from? It's a little difficult to understaat first, but each such pair is meant to
summarize the essential knowledge needed for a segmene @frtly. This segment itself represents a
polynomial. The first number in the pair is the value of thensegt’s polynomial evaluated fot while the
second ix", wheren is the length of the represented segment.

But before we imagine using our parallel scan algorithm, wednfirst to confirm that the operator is
indeed associative.

(@x) @(by)®(c2)

(ay+b,xy)®(c,2)
((ay+b)z+c,xyz =(ayz+bz+c,xyz
(a,X)® (bz+c,yz) = (ayz+bz+c,xy2

@x @ ((by ®(c2)

Both associations yield the same result, so the operatasaciative.

Let's look at an example to see it at work. Suppose we wantatiate the polynomiat® +x%+ 1 when
xis 2. In this case, the coefficients of the polynomial can lpeagented using the arrd¥, 1,0,1). The first
step of our algorithm is to convert this into an array of pairs

((1,2),(1,2),(0,2),(1,2))
We can then repeatedly apply ockroperator to arrive at our result.

(1,2)®(12)®(0,2®(L2) =(1-2+1,2-2®(0,2)®(1,2) =(3,4)®(0,2)®(1,2)
—(3-240,4-2)®(1,2) = (6,8)®(1,2)
~(6-2+1,8-2) = (13,16)

So we end up with(13,16), which has the value we wanted to compute — 13 — as its first edm
284+224+1=13.

In our computation above, we proceeded in left-to-righeoms would be done on a single processor. In
fact, though, our parallel scan algorithm would combinefits two elements and the second two elements
in parallel:

(1L,2)®(1,2) =(1-2+1,2-2) =(3,4)
(0,2)®(1,2) =(0-2+1,2-2) =(1,4)

And then it would combine these two results to arrivéatd+ 1,4-4) = (13 16).
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3. Parallel prefix scan

Now we consider a slightly different problem: Given an artay,a;,az, - - -,an_1), we want to compute the
sum of every possible prefix of the array:

(ag,ag+ag,ap+ar+ap,---,@+a+ax+---+an-1).

3.1. The prefix scan algorithm

This is easy enough to do on a single processor with codeakes®(n) time.

total = array[0];

for(i = 1; i < array.length; i++) {
total += array[i];
array[i] = total;

With p processors, we might hope to compute all prefix sum@(irip+ log p) time, since we can find
the sum in that amount of time. However, there’s not a sttfaglvard way to adapt our earlier algorithm to
accomplish this. We can begin with an overall outline, thoug

1. Each processor finds the sum of its segment.

total = segment][0];
for(i = 1; i < segment.length; i++) total += segment]i];

2. Somehow the processors communicate so that each prokesses the sum of all segments preced-
ing it (excluding the processor’'s segment). Each procesgbnow call this sumtotal

3. Now each processor updates the array elements in its ségprieold the prefix sums.

for(i = 0; i < segment.length; i++) {
total += segment[i];
segment[i] = total;

If we divide the array equally among the processors, thefiitsteand last steps each taign/p) time.
The hard part is step 2, which we haven't specified exactlyWetknow we have each processor imagining
a number (the total for its segment), and we want each procés&now the sum of all numbers imagined
by the preceding processors. We're hoping we can perforsrint@®(log p) time.

In 1990, parallel algorithms researcher Guy Blelloch désct just such a technique. He imagined
performing the computation in two phases, which we’ll chk tollect phaseand thedistribute phasg
diagrammed below. (Blelloch called the phaspsswee@mnddown-sweepthese names make sense if you
draw the diagrams upside-down from what | have drawn. Yoo tieve to imagine time as proceeding up
the page.)

Collect Phase
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The collect phase is just like our parallel sum algorithmclEstarts with its segment’s subtotal, and we
have a binary tree that eventually sums these subtotalth&géd his takes logp rounds of communication.

The distribute phase is more difficult. You can see that we stith O, which that processor sends to
its left. But the processor also sends 55 to its right — andrevioid the 55 come from? Notice that in
the collect phase’s tree 55 is the final node’s left child. iy, the processor receiving the 55 in the
first distribution round sends that to its left, and to thentig sends 85; it arrives at 85 by adding its left
child from the collect phase, 30, onto the 55. At the same titme processor that received 0 in the first
distribution round sends 0 to its left child and 25 to its tighe 25 comes from adding its left child of 25
from the collect phase to the 0 it now holds.

While the tree may make sense, seeing exactly how to impletnemistribute phase is a bit difficult at
first. But the following diagram is quite helpful.

o 1 2 3 4 5 6 7
10,15 13,17 14,16 12, 11
10 25-13 30 14 30-12 23
10 25 13755 0 12753
10 25 13 55%108
10 25 13 55 012 0
10 25-13- 0 %6%55
10,,0 13,25 14,55 12,85
0 10 25 38 55 69 85 97

Phase

Phase

Distribute Collect

The first four rows represent the collect phase, just likepa@llel sum from Section 2.1, except now
the numbers are sent to the right, not the left. After theeoblphase is finished, the final processor holds
the overall total — but then it promptly replaces 108 with @dpe beginning the distribute phase. In the
first round of the distribute phase, processors 3 and 7 perémmething of a swap: Each processor sends
the number it ended up with from the collect phase, with pssoe 7 adding what it receives (55) to what
it previously held (0) to arrive at 55; processor 3 simply afjgd what it remembers to its received value,
0. In the next round, we perform the same sort of modified svedyden processors 1 and 3 and between
processors 5 and 7; in each case, the first processor in theipaly accepts its received value, while the
second processor adds its received value to what it heldgusly. By the last round, when all processors
participate in the swap, each processor ends up with the §tlre aumbers preceding it at the beginning.

You may well object that this is fine as long as the number ofg@seors is a power of 2, but it doesn't
address other numbers of processors. Indeed, it doesrikt uvmbessp is a power of 2. If it isn’t, then one
simple solution is simply to round down to the highest power of 2. There has to be a power of 2 legtwe
p/2 andp, so we'll still end up using at least half of the availablegassors. In big-O bounds, we won't lose
anything: Our algorithm take®(n/p+ log p) time whenp is a power of 2; if we halvep (which would be
the case where we lose the most processors), we end@/af2) + log(r/2)) = O(27/p+logp—log2) =
O("vp+logp) just as before. It’s a bit frustrating to simply ignore up &iffof our processors, but most often
it wouldn’t be worth complicating our program, increasihg likelihood of errors and costing programmer
time for the sake of a constant factor of 2.

And that brings us to actually writing some code implemantnr algorithm.

/1 Note: Number of processors nmust be power of 2 for this to work correctly.

/1 find sumof this processor’s segnent
total = segment[0];
for(i = 1, i < segment.length; i++) total += segment[i];

/'l performcollect phase
for(k = 1; k < procs; k *= 2) {
i f((pid & k) == 0) {
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send(pid + k, total);
br eak;
} else {
total = receive(pid - k) + total;
}
}

/1 performdistribute phase
i f(pid == procs - 1) total = 0; /'l reset last processor’s subtotal to 0
if(k >= procs) k /= 2;
while(k > 0) {
if((pid & k) == 0) {
send(pid + k, total);
total = receive(pid + k);
} else {
int t = receive(pid - k);
send(pid - k, total);
total = t + total;

}
k I= 2;

}

/1 update array to have the prefix suns
for(i = 0; i < segment.length; i++) {

total += segment[i];

segment[i] = total;

3.2. Filtering an array

Why would we ever want to find the sum for all prefixes of an arafis problem isn’t quite as intuitive as
wanting just the overall sum. But the algorithm still proweseful for several applications. One interesting
application is filtering an array so that all elements syitigf a particular property are at its beginning. Below
is code accomplishing this on a non-parallel machine, basea pre-existing method nameiabuldkeep
for determining whether a particular number satisfies ttsirele property.
int numKept = 0;
for(int i = 0; i < arrayLength; i++) {
i f (shouldKeep(array[i])) {
array[numKept] = arrayJi];
numKept++;

One example where we want to do this is during the pivot steQuitksort: After selecting a pivot
element, we want to move all elements that are less than ehésted pivot to the beginning of the array
(and all elements greater than the pivot to the end — but $Hadisically the same problem).

To accomplish our filtering, we first create another array nebeach entry is 1 ifhouldkeep says to
keep the corresponding element of the original array andhératise. Then we compute all prefix sums of
this array. For each element thsbuldkeep says to keep, the corresponding prefix sum indicates where it
should be placed into the new array; so finally we can justepésach kept number into the indicated index
(minus 1).

For example, suppose we want to keep only the numbers end®@ii 7 in the array 2, 3, 5, 7, 11, 13,
17, 19. We compute the following values.
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input 2, 3, 5 7, 11, 13, 17, 19
keep O 1, O, 1, O, 1, 1, O
prefix 0, 1, 1, 2, 2, 3, 4, 4
result 3, 7, 13, 17

The keeparray is the result of testing whether each number ends lere or 7. Theprefix ar-
ray holds the sum of each prefix of this array. And to compesailt we take each entrinput; where
shouldKeep (input) is true, and we copy it into indeprefix — 1.

3.3. Adding big integers

Just as we generalized our parallel sum algorithm from 8e@il to parallel scan in Section 2.2, we can
also generalize our parallel prefix sum algorithm to workhweih arbitrary operatap. For this to work, our

® operator must be associative — but it must also have an tgezlément: That is, there must be some
valuea for which a® x = x regardless ox. This identity is necessary for resetting the last proagssalue

as the distribute phase begins. In our work in Section 3.1reset the last processor’s total to 0, since we
were using addition fog, and since 0 is the identity for addition.

We'll see an example of using a special definitiondoby examining how to add two very large integers.
Each big-integer is represented using an ategyay, - - - ,an—2,an—1) With each array entry representing one
digit: ag is the big-integer’s 1's digity is its 10’s digit, and so forth. We'll represent our secongtiniteger
to add agbg, b1, --,bn_2,bn_1) in the same format. We want to compute the sum of these twanbégers.

On a single-processor computer, we could accomplish tlmg dke following code fragment.

carry = 0;

for(i = 0; i < n; i++) {
sum[i] = (a[i] + b[i] + carry) % 10;
carry = (a[i] + b[i] + carry) / 10;

Notice how this program uses tbary variable to hold a value that will be used in the next iteratity's
thiscarry variable that makes this code difficult to translate intoffisient program on multiple processors.

But here’s what we can do: First, notice that our primary pobis determining whether each column
has a “carry” for the next column. For determining this, Wefleate a new arrag, where each value is
either C (forcarry), M (for maybe), or N (fornever). To determine entrg of this array, we’ll compute
a + by and assigrg; to be C if the sum is 10 or more (since in this case this colunhocertainly carry 1
into the following column), M if the sum is 9 (since this colarmay carry into the next column, if there is
a carry from the previous column), and N if it is below 9 (sitksere is no possibility that this column will
carry).

Now we’ll do a parallel prefix scan on thgsarray with our® operator defined as in the below table.

X Yy |x®y
N N N
N M N
N C C
M N N
M M M
M C C
C N N
C M C
C C C
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More compactlyx®yisyif yis either C or N, but it ix if yis M. We can confirm that thi® operator
is associative by simply listing all 27 possible combinasidor three variables, y, andz and confirming
that for each of themx® y) ® zmatchex® (y® z).

&v &v gv
oY oY o oy
X y Z Ny + X y z Ny + X y Z Ny +
N N N|N N M N N|N N C N N|N N
N N M|N N M N M| N N C N M|N N
N N C|C C M N C|C C C N C|C C
N M N|N N M M N | N N C M N|N N
N M M| N N M M M| M M cC M MC C
N M C|C C M M C|C C cC M C|C C
N C N|N N M C N|N N C C N|N N
N C M|C C M C M|C C c ¢ M|C C
N C C|C C M C C|C C c ¢ Cc|jC C

Moreover, we can see this operator has an identity because g x regardless of’s value. Since our
® operator is associative and has an identity, we can legiynase it for our prefix scan algorithm.

Let's see an example of how this might work. Suppose we waattb13579 and 68123. These two
five-digit numbers are represented with the arréd§,5,3,1) and(3,2,1,8,6). The steps we undertake to
compute the sum are summarized in the table below.

a 9 7, 5 3, 1
b: 3, 2, 1, 8 6
C: C, M, N, C, N

prefixscan:. C, C, N, C, N
carries: o, 1, 1, 0, 1
sum: 2 o, 7, 1, 8

We first compute the arrayof C/M/N values based on summing corresponding columns &@mdb;
each column here is computed independently of the otherscaa be determined completely in parallel.
We end up with(C,M,N, C,N). Then we apply the parallel prefix scan algorithmoarsing our® operator,
arriving at(C,C,N,C,N). Each entry; of this prefix scan indicates whether that column would carty
thefollowing column. Thus, the carry into columnwhich we termcarry;, will be 1 if entry ¢;_; exists and
is C, and otherwisearry; will be 1. In our example, thearry array would bg0,1,1,0,1). Our final step is
to add corresponding columns afb, andcarry, retaining only the 1's digit of each sum. In our example,
we end up with(2,0,7,1,8), corresponding to the result 81702.

4. Sorting

So far we have been working with very elementary problems eblpms where the single-processor solu-
tion is so straightforward that in classical algorithms aeely discuss the problems at all. Now we’ll turn
to one of the most heavily studied classical problems ofsaltting. How can we sort an array of numbers
quickly when we have many processors?

We know we can sort an-element array on a single processoildnlogn) time. With p processors,
then, we would hope to find an algorithm that tak¥s$nlogn)/p) time. We won't quite achieve that here, but
instead we’'ll look at an algorithm that tak€gn((logp)*+logn)/p)) time. Our algorithm will be based on the
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mergesort algorithm. It's natural to look at mergesort,duse it's a simple divide-and-conquer algorithm.
Divide-and-conquer algorithms are particularly attnaetfor multiprocessor systems: After splitting the
problem into subproblems, we split our processors to pseash subproblem simultaneously, and then we
need a way to use all our processors combine the subprobsatugions together.

(Incidentally, theras a O((nlogn)/p) algorithm for parallel sorting, developed in 1983 by Ajidgmlos,
and Szemerédi and subsequently simplified by M. S. Patémst®90. Even the simplified version, though,
is more complex than what we want to study here. What's mbeeqntultiplicative constant hidden by the
big-O notation turns out to be quite large — large enough tkenidess efficient in the real world than the
algorithm we’'ll study, which was developed by Ken Batchet $68.)

4.1. Merging

Ouir first problem is determining how to merge two arrays ofilsimlength. For the moment, we’ll imagine
that we have as many processors as we have array elementswy Beh diagram of how to merge two
segments, each with 8 elements.

%£E42527223092§53022232629313233

20222326%_§0§23§E124252729313435

2022%3262124%5272830%3§329313435
I { I T | 1 —1

2052 31342336 2527 283029 4132333435

20212223242526272829303132333435

The first round here consists of comparing the elements ¢f sarted half with the element at the same
index in the other sorted half; and for each pair, we will swiswnumbers if the second number is less than
the first. Thus, the 21 and 20 are compared, and since 20 jstlesmoved into the processor 0, while the
21 moves up to processor 8. At the same time, processors lerdtare 24 and 22, and since they are out
of order, these numbers are swapped. Note, though, thaBthed®31 are compared but not moved, since
the lesser is already at the smaller-index processor.

The second round of the above diagram involves several aisopa between processors that are 4
apart. And the third round involves comparisons betweengssors that are 2 apart, and finally there are
comparisons between adjacent processors.

We've illustrated the merge wih a single number for each @ssor. In fact, each processor would
actually have a whole segment of data. Where our above dingrdicates that two processors should
compare numbers, what will actually happen is that the tvazggsors will communicate their respective
segments to each other and each will merge the two segmegethén. The lower-index processor keeps the
lower half of the merged result, while the upper-index pssoe keeps the upper half.

Below is some pseudocode showing how this might be impleederin order to facilitate its usage in
mergesort later, this pseudocode is written imagining tmdy a subset of the processors contain the two
arrays to be merged.
voi d merge(int firstPid, i nt numProcs) {

/1 Note: numProcs nmust be a power of 2, and firstPid nmust be a nultiple of

/1 nunProcs. The nunProcs / 2 processors starting fromfirstPid should hold one
/1 sorted array, while the next nunProcs / 2 processors hold the other.

int d = numProcs / 2;

i f(pid < firstPid + d) mergeFirst(pid + d);

el se mergeSecond(pid - d);
while(d >= 2) {
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d = 2
i f((pid & d) != 0) {
i f(pid + d < firstPid + numProcs) mergeFirst(pid + d);

} else {
i f(pid - d >= firstPid) mergeSecond (pid - d);
}
}
}
voi d mergeFirst( int otherPid) {
send(otherPid, segment); /1 send ny segnent to partner
otherSegment = receive(otherPid); /'l receive partner’s whol e segnent
merge segment and otherSegment, keeping the first half in my segment variable;
}
voi d mergeSecond( i nt otherPid) {
otherSegment = receive(otherPid); /'l receive partner’s whol e segnment
send(otherPid, segment); /1 send ny segnent to partner
merge segment and otherSegment, keeping the second half in m y segment variable;

Though the algorithm may make sense enough, itisn’t at &ibois that it actually is guaranteed always
to merge the two halves into one sorted array. The argumanttttvorks is fairly involved, and we won't
go into it here.

We will, though, examine how much time the algorithm take$nc& with each round the involved
processors will send, receive, and merge segments of léngth each round of our algorithm will take
O("/p) time. Because there are lpgrounds, the total time taken to merge both array®(ig/p) log p).

4.2. Mergesort

Now we know how to merge tw(/2)-length arrays om processors i®((n/p) log p) time. How can we use
this merging algorithm to sort an array witrelements?

Before we can perform any sorting, we must first sort eachviddal processor's segment. You've
studied single-processor sorting thoroughly before; wghtrais well use the quicksort algorithm here. Each
processor hag/p| elements in its segment, so each processor will @§e/p)log(n/p)) = O(("/p)logn)
time. All processors perform this quicksort simultanegusl

Now we will progressively merge sorted segments togethati| the entire array is one large sorted
segment, as diagrammed below.

1

B o o e o e e el el B
\/ \/ \/ \/ \/ \/ \/] \/

DAy Ay ey Ay ey ey iy e
\ / \ / \ / \ /

This is accomplished using the following pseudocode, whigds the merge subroutine we developed
in Section 4.1.
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voi d mergeSort() {
perform quicksort on my segment;
i nt sortedProcs = 1;
whi | e(sortedProcs < procs) {
sortedProcs *= 2;
merge(pid & “(sortedProcs - 1), sortedProcs);

Let's continue our speed analysis by skipping to thinkingulihe final level of our diagram. For this
last level, we have two halves of the array to merge, wiélements between them. We've already seen that
merging these halves tak€g(n/p)log p) time. Removing the big-O notation, this means that thererises
constant for which the time taken is at most(n/p) log p).

Now we’ll consider the next-to-last level of our diagram. relewe have two merges happening simul-
taneously, each taking two sorted arrays with a totayoélements. Half of our processors are working on
each merge, so each merge takes at @st2)/(p/2))log(p/2)) = c(("/p)log(p/2)) < c(("/p)logp) time —
the same bound we arrived at for the final level. That is the tiaken for each of the two merges at this
next-to-last level; but since each merge is occurring siamalously on a different set of processors, it is also
the total time taken for both merges.

Similarly, at the third-from-last level, we have four sirtarieous merges, each performedpbypro-
cessors merging two sorted arrays with a totahefelements. The time taken for each such merge is
c(((n/4)/(p/4))log(p/4)) = c((n/p)log(p/4)) < c((/p)log p). Again, because the merges occur simultaneously
on different sets of processors, this is also the total tekern for this level of our diagram.

What we've seen is that for each of the last three levels ofdihgram, the time taken is at most
c(("/p)logp). Identical arguments will work for all other levels of theagram except the first. There
are log p such levels, each being performed after the previous onenplete. Thus the total time taken
for all levels but the first is at most(("/p)logp))log, p = O(("/p)(log p)?).

We've already seen that the first level — where each procéisdependently sorts its own segment —
takesO(("/p)logn) time. Adding this in, we arrive at our total bound for mergesis O(("/p)((log p)? +

logn)).

5. Hardness of parallelization

For many problems, we know of a good single-processor dlgoribut there seems to be no way to adapt
the algorithm to make good use of additional processors. tdrabquestion to ask is whether there really
is no good way to use additional processors. After all, if vaa'tprove that efficient parallelization is
impossible, how can we know when to stop trying?

There is no known technique for addressing this questiofeqgity. However, there is an important
partial answer worth studying. This answer uses complékipry, the same field where people study the
classP, which includes problems that can be solved in polynommagtiand\(?, which includes many more
problems, including many that people have studied intehsior decades without finding any polynomial-
time solution. Some of these difficult problems with\@? have been proven to b&P-complete which
means that finding a polynomial-time algorithm for that peol would imply thatall problems inA(P can
also be solved in polynomial time. Since it's unlikely thlitthose well-studied problems have polynomial-
time algorithms, a proof that a problem4g?P-complete is tantamount to an argument that one can’t hope
for a polynomial-time algorithm solving it.

To discuss parallelizability in the context of complexityebry, we begin by defining a new class of
problems called\'C. (The name is quite informal: It stand’s for “Nick’s Classfter Nick Pippenger, a
complexity researcher who studied some problems relatgarallel algorithms.) This class includes all
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problems for which an algorithm can be constructed with atbound that is polylogarithmic in (i.e.,
O((logn)®) for some constard, wheren is the size of the problem input) if given a number of processo
polynomial inn.

An example of a problem that is iR C is adding two big-integers together. We've seen that troblem
can be solved wittp processors i©("/p+ logp) time. This isn't itself polylogarithmic im, but suppose
we happened to haveprocessors. This is of course a polynomial number of pracesand the amount of
time taken would b&®(1+logn) = O(logn), which is polylogarithmic im. For this reason, we know that
adding big-integers is it C.

What about sorting? In Section 4 we saw@({("/p)((log p)® +logn)) algorithm. Again, suppose the
number of processors werg which of course is a polynomial in. In that case, the time taken could be
simplified toO((logn)? + logn) = O((logn)?), which again is polylogarithmic in. We can conclude that
sorting is also withim\(C.

Just as with? and A(P? we naturally ask what the relationship is betwe2and A/C. One thing that is
easy to see is that any problem withhiC is also within®: After all, we can simulate alp processors on
just a single processor, which ends up multiplying the tialeh byp. But sincep must be a polynomial in
n and we’re multiplying this polynomial by a polylogarithmiiene for each processor, we'll end up with a
polynomial amount of time.

But what is much harder to see is whether every problem withimalso inA’C — that is, whether every
problem that admits a polynomial-time solution on a singtecpssor can be sped up to take polylogarithmic
time if we were given a polynomial number of processors. Nigbbas been able to show one way or
another whether any such problems exist. In fact, the giwuas quite analogous to that betwe@nand
A(P: Technically, nobody has proven that there i8 problem that definitely is not withie\'C — but there
are many? problems for which people have worked quite hard to find mggithmic-time algorithms
using a polynomial number of processors: Surely at leasbbtieese problems isn’t id\'C!

People have been able to show, though, that there are soflerpsothat areP-complete That is, if
the P-complete problem could be shown to be witlifC, then in factall problems within? lie within
ANC. (Here, we're talking abouf’-completeness with respect &§C. For our purposes, this is a minor
technicality; it’s only significant when you study some o thther complexity classes bela) Since many
decades of research indicate that the last point isn't tmeezan’t reasonably hope to find a polylogarithmic-
time solution to aP-complete problem.

While we won't look rigorously at how one demonstrateEompleteness, we can at least look briefly
at a list of some problems that have been shown t@loemplete.

e Given a circuit of AND and OR gates and the inputs into theutircompute the output of the circuit.
e Compute the preorder number for a depth-first search of a dag.

e Compute the maximum flow of a weighted graph.

Knowing that a problem i®?-complete doesn’t really mean that additional processdisyever help.
For instance, a graph’s maximum flow can be compute®{in’n) time using the Ford-Fulkerson algorithm.
(And it happens there’s a more complex algorithm that tal@s nlog(n*/m)) time.) However, with many
processors, we could still hope to find@(rn/p+ ,/p) algorithm without making any major breakthroughs
in the A'C = P question.

Still, knowing aboutP-completeness gives us some limits on how much we can hogefarmultiple
processors. Usually parallel and distributed systems oavidge significant speedup. But not always. And,
as we've seen, the algorithm providing the speedup is oftaohnfess obvious than the single-processor
algorithm.
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Review questions

1.
2.

Distinguish between parallel systenand adistributed system

Without referring explicitly to our parallel sum or pdedlscan algorithms, describe how a parallel-
processor system witp processors can compute the minimum element of-@tement array in
O("/p+logp) time. You may assume that each processor has an ID betweehp-ah.

. Given an arrayap,as,---,an—1) and some associative operator describe what the parallel prefix

scan algorithm computes.

. Section 4.1 includes a diagram illustrating the compadsmade as a 16-processor system merges

two 8-element arrays. Draw a similar diagram demonstratiegcomparisons made for merging the
two arrays(10,13 14,17) and(11,12 15,16).

. What does it mean for a problem to be in th& complexity class? Give an example of a problem

that is P-complete and so is probably not amenable to radical impnevds in running time using
multiple processors.

. Suppose we're working on a problem whaeris the number of bits in the problem input apds the

number of processors. We develop an algorithm whose timeéreggent is

O(%/yp+ (logp)?) .

Can we conclude that this problem is in th&” complexity class? Explain why or why not.

Solutions to review questions

1.

Both involve multiple processors. However, in a parafigbtem we assume that communication
between processors is very cheap, and communication idhyusieame using shared access to the
same memory. Butin distributed systems, we assume thegzmseare somewhat separated, without
any shared memory, and communication occurs through ppes#ssages across a local network —
quite a bit more expensive than accessing shared memory.

. Each processor computes the minimum of its segment ofthg. & his take®("/p) time.

Now each processor whose ID is odd sends its minimum to théeifoee it, which determines which
is the smaller of its segment’s minimum and the other pramé&ssninimum. That represents the
minimum of both processors’ segments. Since there is justroessage being sent or received by
each processor, this tak€g1) time.

And then each processor whose ID is even but not a multipleseidis its minimum to the multiple
of 4 before it, and that processor determines which is thélenadd that number what what it thought
was the minimum before. As a result, each processor with ahdbDis a multiple of 4 will now know
the smallest value in four processors’ segments. Agais stieip take©(1) time.

We repeat the process, each time halving the number of &qiocessors (that is, ones that received
a message in the last step and will continue working in the siep). When there is just one active
processor, we stop. There will B®g, p] such rounds, each takir@(1) time, so the combination of
the segments’ minima takes a total®@flog p) time.

3. It computes the arralgp, ap @ a1, @@ ay, -,V Rap @ - an_1).
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5. A problem is inAC if an algorithm for it exists that, given a number of processmolynomial inn
(the size of the problem input), can compute the answer ia fiolylogarithmic im (i.e., O((logn)9)
for some constard).

Examples ofP-complete problems cited in Section 5 include:

e Given a circuit of AND and OR gates and the inputs into theuifrcompute the output of the
circuit.

e Compute the preorder number for a depth-first search of a dag.
e Compute the maximum flow of a weighted graph.

6. Yes, itisinA(C. After all, if we hadn® processors, our algorithm would ta®é(n*/vré) + (logn*)?) =
O(("/r2) + (4logn)?) = O(1+ 16(logn)?) = O((logn)?) time. The number of processors in this case
would be polynomial, while the time taken would be polylatanic, as required fof\'C.

Exercises

7. At the end of Section 2.1 we saw some code that performsalglascan inO(n/p + logp) time.
That code was written using the message-passing methodshdesin Section 1.2. Adapt the code
to instead fit into a shared-memory system of Section 1.1.sfoechronization, you should assume
that there is an array nameinals containingp objects; each object supports the following two
methods.

voi d set()
Marks this object as being “set.” The object defaults to §eimset.”. Setting the object will
awaken anybody who is waiting in theitUntiSet ~ method.

voi d waitUntilSet()
Returns once this object is “set.” This could return immeshaif this object has already been
set; otherwise, the method will delay indefinitely until sslmdy sets this object.

8. Suppose we're given an array of paies, bi), whereag is 0. This array of pairs specifies a sequence
of linear equations as follows:

Xo = bo
X1 = aXo+b
Xo = aXi+b

(and so forth)

We want to compute,_1. We could do this easily enough on a single-processor system
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doubl e x = b[0];
for(int i = 1; i < n; i++) x = afi] * x + b[i];

But we have a parallel system and wish to compute the final@nswre quickly. A natural approach
is to try to adapt our parallel scan operation using an opega@s follows.

(a,b)® (d,b) = (0,ab+b)

Applying this @ operator left-to-right through the array, we see that we @mavith the appropriate
values for each x (recalling thag is defined to be 0).

(O, bo) & (8.1, b]_) (0, arbg + bl) = (0, Xl)
(0,x1) ® (ag,bp) = (0,a2xa+b2) = (0,%2)
(O,x2) ® (ag,b3) = (0,a3%2+b3) = (0,x3)

Unfortunately, we can’t apply the parallel scan algoritlnthis operator because it isn’'t associative.

(b (a,b))w @b

(0,ab+b)® (a",b")

= (0,a’(@b+b)+b") = (0,a’ab+a’bt' +b")
( ) (O, a//b/ + b//)

= (0,0b+ (@' +b")) = (0,ab' +b)

(ab)@((a,b)o @, b")

Show a new definition of — a slight modification of the one shown above — which is asdve
and yields the correct value &f_1 when applied to our array.

9. Suppose we have an array of opening and closing paresihase we want to know whether the
parentheses match — that is, we consider “(()())()” to maleit not “)(())()(” or “(())(()". Using the
parallel scan and/or parallel prefix scan operations, stewtb determine this i©(n/p+logp) on a
p-processor system. (You need not define a ngveperator unless it suits your purpose.)

10. Suppose we're given anelement array of6,d) pairs, representing a sequence of commands to a
turtle to turn counterclockwis@ degrees and then go forwaddunits. Below is an example array and
the corresponding movement it represents, where the'turtigal orientation is to the east — though
the first command immediately turns the turtle to face nashe

array of commands movement diagram
0: ( 45, 40) (105, 49)
1: ( 30, 50) (90,20 (30, 50)
2: (105, 40)
3: (90, 20) (45, 40)

Suppose we have @processor system, and we want to compute the turtle’s ficakion inO(n/p+
log p) time. Describe such an algorithm using the parallel scaroaparallel prefix scan algorithms.
Argue briefly that your algorithm works correctly.

11. On a parallel system, we have an array of “messages’sepied as integers and an array saying how
far each message should be copied into the array. For exagipds the two arraysisgs anddist
below, we want to arrive at the solutiosty .
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msgs 3,0,0
dist 3,0,0,
reecv 3,3,3

In this exampledist[0] is 3, and so we see thabgs[0] occurs in the three entries mkv starting
at index 0. Similarlydist[7]  is 2, somsgs[7] is copied into the two entries odcv starting at index
7. You may assume thdkt is structured so that no interval overlaps (for exampldisifo] is 4,
thendist[l]  throughdist[3]  will necessarily be 0) and the final interval does not go off éinray’s
end. However, there may be some entries that lie outsidersaegval — as you can see with entry 5
in the above example.

Show how this job can be accomplished using a parallel prefir.sThis is a matter of identifying
an operatior®, explaining why you know this operator does its job, and shgwhat the operator is
associative and has an identity.
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